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Abstract:

Sequential water flood simulation alternates implicit pressure solves with explicit saturation
updates. This study examines, under ideal statevector access, how a solution state produced
by the Harrow-Hassidim-Lloyd quantum linear system algorithm can be inserted into that
sequential workflow for a two-phase model in one dimension. The evolving pressure
systems are preconditioned from the left using rebuilt sparse approximate inverses,
converted by Hermitian block dilation, and treated with signed phase estimation at finite
resolution. The formulation also identifies the classical normalization, sign recovery, and
complete field readout operations required before a solution state can drive the transport
update. Steady and transient component tests precede coupled calculations on three
successively refined grids. Across these grids, the statevector and direct pressure solutions
remain closely aligned in direction, while the finest grid saturation trajectories show the
largest difference and the statevector branch reaches the imposed upper saturation bound.
Each plotted statevector pressure is aligned by a global scalar with the exact solution of
its current dilated system, so the results assess algebraic data exchange rather than an
independent reconstruction of physical pressure. A separate pilot covering five steps finds
similar directional agreement between pressure solutions when a right sparse approximate
inverse is rebuilt or updated using a sparse approximate map, but the combined setup
and update time for recycling is markedly longer than the rebuilding time for this small
problem. The results show that close directional agreement between pressure solutions
does not by itself guarantee accurate saturation transport and thus provide a reference
point for assessing such solvers in sequential reservoir simulation. All calculations use
ideal statevectors; no quantum hardware, speedup of the complete workflow, or hardware
advantage is demonstrated.

1. Introduction

Reservoir simulation is an essential tool in modern
petroleum engineering (Peaceman, 1977; Aziz and Set-

The resulting models support field development planning,
production optimization, history matching, uncertainty quan-
tification, and the comparison of alternative recovery strategies
(Wan et al., 2024; Liu and Jia, 2026). These activities rarely

tari, 1979; Mattax and Dalton, 1990; Gerritsen and Durlof-
sky, 2005). It combines geological descriptions, rock and fluid
properties, well controls, and recovery mechanisms within
discretized conservation laws to forecast reservoir behavior.

rely on a single realization: studies of different operating
conditions and ensemble workflows can require many forward
simulations (van Essen et al., 2009). As the spatial resolution
and physical detail of the models increase, computational
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efficiency becomes a practical constraint (Li et al., 2019;
Zhao et al., 2024; Hui et al., 2025). A substantial share
of the computational cost arises from repeatedly solving the
large sparse linear systems generated by the flow equations,
particularly the global pressure system (Nardean et al., 2022;
Meng et al., 2025). The reliability and cost of the pressure
solver are integral to the usefulness of a reservoir simulator.

Water flooding illustrates how this computational require-
ment affects reservoir management decisions. It is a widely
used secondary recovery process in which water is injected
to replace produced fluids, support reservoir pressure, and
displace mobile oil toward production wells (Dake, 1978;
Willhite, 1986; Lake, 1989; Zhang et al., 2024). Its perfor-
mance depends on the spatial distribution of permeability and
porosity, phase viscosities, relative permeabilities, residual sat-
urations, and the imposed well controls (Ertekin et al., 2001).
Together, these factors govern pressure communication, mobil-
ity contrast, areal and vertical sweep, water front propagation,
and the timing of water breakthrough. Pore scale imaging and
simulation resolve the displacement mechanisms behind these
averaged properties (Chen et al., 2022; Yang et al., 2023; Cai
et al., 2024; Zou et al., 2024). Numerical water flood models
are widely used to evaluate injection and production strategies
and to forecast pressure, saturation, water cut, and production
responses (Liu et al., 2021; Bai et al., 2022; He et al., 2023;
Qin et al., 2024). Capturing these quantities requires a coupled
description of flow driven by pressure and of phase transport
rather than an isolated pressure calculation.

Among the standard formulations for two-phase reservoir
simulation, the implicit pressure explicit saturation (IMPES)
method represents this coupling by solving pressure implicitly
and then updating saturation explicitly (Coats, 2000; El-Amin
et al., 2017; Chen and Sun, 2021; Wang et al., 2025). Recent
schemes for this class of problems emphasize energy stability
and bounds preservation (Kou et al., 2022, 2023, 2024),
together with phase wise conservative and homogenization
based formulations (Chen et al., 2019; Fan et al., 2020). The
pressure equation is solved implicitly to establish the global
hydraulic response to injection, production, and boundary
conditions, whereas water saturation is advanced explicitly
from the resulting phase fluxes. At time step n, the cur-
rent saturation S}, determines the relative permeabilities and
mobilities and hence the pressure system Anp'”rl =b,. The
recovered pressure determines the fluxes used to obtain S(’VH,
and the updated saturation then changes the coefficients of
the next pressure system. This coupling generates an evolving
sequence of pressure solves rather than a single isolated linear
problem (Pacheco et al., 2017).

The pressure stage of this sequence defines the solver
interface considered in this study. In generic notation, each
solve takes the form:

Gx=d (1)
where G is the coefficient matrix, x is the unknown field,
and d is the right side. Sparse direct solvers provide robust-
ness, but factorization cost and matrix fill can restrict their
use as reservoir systems grow. Large models are commonly
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treated with preconditioned iterative solvers whose conver-
gence depends strongly on coefficient contrast, pressure block
treatment, and preconditioner setup (Nardean et al., 2022).
Practical implementations combine techniques such as incom-
plete factorization, algebraic multigrid, domain decomposition,
and multistage preconditioning built around the pressure block
to balance memory use, convergence, and parallel scalability
(Nardean et al.,, 2022; Evstigneev et al., 2023; Nardean et
al., 2024; Meng et al., 2025). The setup and update costs of
these preconditioners remain relevant when a long sequence
of related systems must be solved. Recent reservoir simulation
studies have developed adaptive setup strategies for evolving
multiphase systems (Zhao et al., 2022). Consecutive IMPES
matrices are often closely related through their mobility up-
dates, making these sequences a natural setting for reusing
preconditioning information.

Against this classical background, the IMPES partition
provides a natural hybrid quantum and classical decompo-
sition: constitutive evaluations and saturation transport can
remain classical, while the repeated pressure solve is treated
as a quantum linear system subproblem. The quantum lin-
ear system algorithm introduced by Harrow, Hassidim, and
Lloyd (HHL) is a candidate solver for this subproblem. For
sparse, well-conditioned systems with efficient input access
and limited output requirements, its ideal complexity can
depend polylogarithmically on the matrix dimension, while
retaining explicit dependence on sparsity, conditioning, and
target accuracy (Harrow et al.,, 2009; Childs et al., 2017;
Wossnig et al., 2018; Morales et al., 2026). HHL, however,
returns a normalized quantum state proportional to the solution
rather than a complete classical vector. Since the implemented
IMPES flux form requires the reconstructed pressure values,
the classical solution must be recovered from the solution state
with the appropriate scale and sign (Henderson et al., 2024;
Yalovetzky et al., 2024). The ideal statevector setting adopted
here provides direct access to the simulated amplitudes, which
isolates this algebraic reconstruction from sampling and hard-
ware noise effects. The implemented saturation update uses the
complete reconstructed pressure vector. This study evaluates
the algebraic coupling enabled by direct access to statevec-
tor amplitudes rather than the complexity of the complete
quantum workflow (Aaronson, 2015). Direct access to all
amplitudes is a simulator operation, not a quantum hardware
readout protocol. Recovering a complete pressure field or the
corresponding fluxes across O(N) faces on hardware would
introduce measurement costs that depend on the output size
and required precision, in addition to state preparation, matrix
access, and postselection.

A further interface requirement is algebraic compatibility.
Standard boundary treatments and discretizations scaled by
rows can make an IMPES pressure matrix real and non-
symmetric, whereas the original HHL formulation assumes
a Hermitian operator. Normal equations restore Hermiticity
but square the 2-norm condition number; Hermitian block
dilation doubles the dimension while retaining the singular
value conditioning of the original operator. Finite quantum
phase estimation (QPE) must also resolve small eigenvalue
magnitudes and distinguish eigenvalue signs. Hermitian re-
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formulation, preconditioning, phase resolution policy, and
classical recovery must be designed as connected parts of
the interface between HHL and IMPES (Clader et al., 2013;
Bravo-Prieto et al., 2023; Morales et al., 2026).

Related quantum studies have considered Poisson, diffu-
sion, Hele-Shaw, and incompressible flow problems (Cao et
al., 2013; Meena et al., 2024; Ghafourpour and Laizet, 2025;
Shayegan, 2026), as well as other quantum fluid simulation
formulations (Gaitan, 2020; Chen et al., 2024; Xu et al., 2025).
In the subsurface setting, preconditioning compatible with
quantum algorithms, geologic fracture networks, state prepa-
ration, and information extraction have also been investigated
(Golden et al., 2022; Henderson et al., 2023; Henderson et
al., 2024). Taken together, these studies establish the relevance
of quantum linear solvers to flow problems and motivate their
examination within a sequential workflow for reservoir simula-
tion. In the IMPES setting considered here, this examination is
carried out through a closed interface between successive time
steps: each reconstructed pressure approximation advances the
saturation and thereby defines the next pressure system. This
study develops and assesses the coupled interface using ideal
statevector simulation.

Reported quantum linear solver studies mostly examine a
single system, or a fixed matrix with changing right sides. A
sequential reservoir workflow differs: the matrix, the right side
and the spectrum are reassembled at every step from the up-
dated saturation, so solver behavior and transport propagation
cannot be assessed separately.

The contributions of this study are threefold. First, an inter-
face between HHL and IMPES is formulated for an evolving
water flooding problem in one dimension, in which HHL
treats the implicit pressure solve while saturation transport
remains classical. Second, nonsymmetric pressure systems
after preconditioning from the left are accommodated through
Hermitian block dilation and signed phase decoding at finite
resolution; the framework specifies the operations required to
recover the scale and sign before the lower block is supplied
as the pressure approximation to the saturation update. Third,
a staged numerical assessment connects canonical Poisson,
diffusion, and advection benchmarks to the coupled water
flooding problem and examines grid size sensitivity under a
matched phase register policy. The assessment also includes a
separate pilot covering five steps that compares a rebuilt right
sparse approximate inverse (SPAI) with sparse approximate
map (SAM) recycling (Chow and Saad, 1998; Saad, 2003;
Carr et al., 2021).

The remainder of the paper is organized as follows.
Section 2 establishes the HHL framework used throughout
the study, including solution state recovery, preconditioning,
Hermitian reformulation, and signed QPE at finite resolution.
Section 3 presents the water flooding model in one dimension,
its IMPES discretization, and the procedure coupling HHL
with IMPES. Section 4 reports the component benchmark re-
sults and the water flooding results, and Section 5 summarizes
the principal findings.
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2. HHL framework for structured linear
systems

This section introduces the HHL components used through-
out the study: normalized solution state representation and
scale recovery, finite QPE filtering, and Hermitian reformu-
lations for systems that are not Hermitian. The advection
benchmark uses normal equations, whereas the coupled water
flooding calculations apply left preconditioning followed by
Hermitian block dilation. Right preconditioning is retained for
the separate SPAI/SAM recycling pilot.

2.1 Representation of the solution state and
finite phase resolution

Using the notation of Eq. (1), first suppose that G €
CNe*Ne g nonsingular and Hermitian, x € CNé is unknown,
and d € CN6 \ {0} is known. In Dirac notation, a ket |y)
is a column vector representing a quantum state, and the
corresponding bra (y| is its conjugate transpose. A qubit is
a two-level quantum system, and an ng-qubit system register
spans 2" computational basis states |i). This representation
requires ng; = [log, Ng| system qubits. All matrices used in
the reported numerical experiments have power-of-two di-
mensions; otherwise, the unused basis states would require
a nonsingular padded extension.

The right side is supplied to HHL through amplitude
encoding:

Ng—1
Y dii) )
i=0

where d; is the ith entry of d and |- |2 is the Euclidean
vector norm. For matrices, ||-||2 is the spectral norm and
2(G) = ||G||2||G~"||2 is the 2-norm condition number.

Let A; and |v;) be the jth eigenvalue and the corresponding
orthonormal eigenvector of G, and let B; = (v;|d) be the
coefficient of |d) in this eigenbasis. Then:

1
d) = ——
= Tl

G =Y Ajlvj) (vl 3)
J
) =3 Bjlv;) “)
J
Gd) =¥ Bijy) ©
j Y

J
HHL leaves the eigenvectors unchanged while applying

reciprocal eigenvalue weights to their amplitudes.

QPE is applied to U = exp(iGt), where i = v/—1 and 7 >0
is an evolution time selected from a known spectral bound. The
Jjth eigenphase is:

0= % (mod 1) (6)

The mapping from A; to ¢@; must be unique on the

relevant spectrum. For a positive spectrum it is sufficient to

choose 0 < A;jt < 27 for every j; for a signed spectrum,

the convention [A;|T < m permits decoding in the interval

[—1/2,1/2). With n, phase qubits, QPE has N, = 2"» phase
bins and nominal eigenvalue spacing:
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AL = 21 7

TN,
In the resolved eigenphase limit, QPE records the bin
corresponding to each relevant eigenphase, after which a con-
trolled ancilla rotation applies the reciprocal weight (Harrow

et al., 2009):

C
0; = 2arcsin <l) , 0 < C < min|A;] (8)
j J
where C is a positive scaling constant that makes every rotation
well defined. After inverse QPE, selecting the ancilla in |1)

gives:

G~'ld)
o) = == 9)
IG=d) 2
in the exact QPE limit, with postselection probability:
_? M _ 21 2
P=ClpE=Cle il (10)
J o

The relation G~!|d) = x/||d||, gives the corresponding
classical solution norm:

|dll>v/P, o
in the same limit. In this ideal limit, HHL returns a normal-
ized solution direction, while the corresponding postselection
probability supplies the scale needed to recover the classical
norm. Without amplitude amplification, one accepted sample
requires 1/P; executions on average; P, is a sampling cost
indicator rather than an accuracy metric.

With finite n,, eigenmode j is distributed among phase
bins m with QPE amplitudes aj,, where ¥, |au|> = 1. Let
r(m) be the reciprocal assigned to bin m, with r(m) =0 for
a discarded bin, and choose C > 0 such that |Cr(m)| <1
for every phase bin. The corresponding controlled ancilla
amplitude is Cr(m). Inverse QPE does not generally return
the phase register exactly to |0), so the successful event used
here is defined jointly by ancilla state |1) and phase state |0).
The resulting unnormalized system state and its probability
are:

1x[l2 =

), = CZBjCPE"”) Vi)s (12)
j
(1) Np—1
@ = ZO \@jm|*r(m) (13)
n n 2 n
B = [ =R IBe A
J

where the subscript s denotes the system register and CDE»””)

is the effective reciprocal filter. The probability weight |a jm|2
results from applying QPE and its adjoint. If v; denotes the
classical column vector representation of |v;), the correspond-
ing finite register approximation and its scale satisfy:

) = || Y gy, (15)
J
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(np)
d|»\/P"
Hi(np)”z _ || H2 1 (16)

For a fixed Hermitian linear system, the finite register error
relative to the exact inverse can be written as:

2
H}W *tz = ||d||> (ZlﬁjP ’q>§n,,) - ’2> ! (17)
J

Phase bin leakage, reciprocal truncation, and finite bin
spacing can alter both the direction and the norm of the
recovered solution. Increasing n, reduces the nominal bin
spacing, but does not by itself guarantee monotonic error
reduction when appreciable spectral weight lies near a cutoff
or between available phase bins.

HHL with a finite register implements an approximate
spectral inverse. When every occupied eigenphase is exactly
resolved in a retained bin m; with r(m;) = 1/4;, then cI)E."” )=
1/4}, |‘I’§"”))s =CG'|d), and P]("”) = Py. After normalization,
the conditional system state is Eq. (9), while ") = x and
Eq. (15) becomes Eq. (11). Even after this scale recovery, the
global phase of an isolated quantum state is unobservable.
Reconstructing a real-valued solution therefore requires an
external sign convention, while recovering all vector entries re-
quires a separate readout procedure. On quantum hardware, di-
rect access to statevector amplitudes would have to be replaced
by tomography or by a measurement procedure designed for
the application. The flux form IMPES update requires either
the N pressure entries or an equivalent set of O(N) face fluxes,
so producing a complete classical field already incurs a cost
that grows with the output size. Further sampling is required to
achieve the target precision. Without amplitude amplification,
a jointly accepted output requires 1/P; circuit executions on
average. If the joint event is estimated from N, Bernoulli trials,
the relative standard deviation of the recovered scale, which
is proportional to /Py, is approximately:

1 /1-P
2V NP

A target relative scale precision & therefore requires
N, ~ (1—Py)/(4P €2) executions solely to estimate the post-
selection probability. State preparation, implementation of
the matrix exponential or an equivalent block encoding, and
pressure or flux readout add further costs. These operations
are excluded from the ideal statevector calculations reported
here.

The corresponding circuit sequence in the resolved QPE
limit, from encoding of the right side and phase estimation to
the controlled reciprocal rotation, inverse QPE, and postselec-
tion, is summarized in Fig. 1.

(18)

2.2 Hermitian reformulations and
preconditioning

For a nonsingular matrix G that is not Hermitian, let Gt
denote its conjugate transpose. The normal equations are:

G'Gx=G'd (19)
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! Quantum phase \ :' Controlled ‘: ! Inverse quantum :
: estimation \! rotation ! phase estimation :
1 " 1 :
0)a — R P - A
|O>®ﬂp // : He® ] FTT E : : : FT He®mw _i_ |0>®n,,
| v ¥ ¥ ut l
| [ . 1
by —~ | x = — |x)

Fig. 1. Standard HHL sequence in the resolved QPE limit; |b) denotes |d). The finite QPE calculations also condition on the

phase register being in |0)®"».

(G'G) = K (G)? (20)

They preserve the exact solution but square the 2-norm
condition number and can increase matrix access and right
side preparation costs. The advection benchmark in Part I
of Section 4 adopts this route, whereas the water flooding
formulation uses Hermitian block dilation.

Hermitian conversion supplies the operator required by
the HHL construction used here, whereas preconditioning
controls conditioning and the cost of repeated solves. The
coupled water flooding calculations use a nonsingular left
preconditioner W, for which:

WGx =Wd (21)
The unknown remains x, while both the matrix and right side
are multiplied from the left before Hermitian block dilation.
The lower solution block represents x directly.

For comparison, a separate SPAI/SAM pilot covering five
steps uses right preconditioning. A nonsingular right precon-
ditioner P defines:

GPy=d (22)
(23)

The successful doubled register state for this system, which
is preconditioned from the right, has a lower block propor-
tional to the finite QPE approximation to y, which would then
be mapped through P classically.

A right SPAI at a reference step r is defined by (Chow and
Saad, 1998; Saad, 2003):

x=Py

P,:argggi(/n IG.P—1||F (24)
7p

where G, is the reference matrix, / is the identity matrix of
compatible dimension, .p is a prescribed sparsity pattern,
and || - ||r denotes the Frobenius norm. For a later matrix
Gy, a sparse approximate map (SAM) updates the reference
preconditioner (Carr et al., 2021):

N, = argNrgi;lN |G.N — G, ||F (25)

By = NuPr (26)
where %y is the prescribed sparsity pattern of the map. The
difference between the preconditioned operators satisfies:

|GnP — G Py ||F = ||(GnNn - Gr)Pr”F
< ||GnNn_Gr||F||PrH2 (27)
Eq. (27) shows that a small SAM residual provides an
algebraic basis for recycling P, subject to its amplification
by ||P]|2. Both SPAI construction and SAM updating involve
classical sparse least-squares problems. The independently
rebuilt SPAI and SAM recycling paths are compared in
Section 4.2. Even if P, and N, are individually restricted to
tridiagonal patterns, their product P, = N, P, generally has a
wider band. No numerical claim about the sparsity of the final
block encoding is inferred from the nominal factor patterns
alone. The retained record of the original pilot covering five
steps does not include counts of nonzero entries in the products
or a numerical drop tolerance setting.
To describe the subsequent Hermitian conversion, let Mz =
d denote the nonsingular system, which is generally not
Hermitian, to be converted for HHL. Here, M = G and z=x
without preconditioning, M = WG, z = x, and the right side is
Wd after left preconditioning, whereas M = GP and z =y after
right preconditioning. Instead of forming normal equations,
one may use the Hermitian block dilation:

M
(28)

0

d
(29)

0
Its eigenvalues are +0;(M), where o;(M) > 0 are the
singular values of M. The relation k(5 (M)) = x»(M) holds,
although the dimension is doubled. Both spectral signs must
be retained. For p > 2| (M)|2, QPE applied to U =

exp(i7#(M)t) with T =2x/p decodes the phase bin index
me{0,...,N,— 1} as:
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(p(m) = , 1<m>=Nﬁ/b<m> (30)
miNba mz%

The resulting eigenvalue spacing is AL = p/Np.
To avoid inversion of the zero or unresolved spectrum,
introduce a cutoff A. > 0 and retain the bin set:

= {m: )| = 2} (31)
The reciprocal lookup in Eq. (12) is:
/\L, me %r
r(m) =14 A(m) (32)
0, mé My

The cutoff discards the zero bin. For bins that are not
paired with themselves, r((—m) mod Np) = —r(m). If g,n(1) =
lam(A)|? denotes the QPE probability for eigenvalue A, the
signed phase convention gives gm(—21) = g(—m) moda n,(A)-
Excluding the Nyquist bin, which is paired with itself, would
make the scalar finite QPE filter F;,,(A) = ¥.,,, g (2 )r(m) odd:
Fp,(=A) = —Fy,(4). It follows that F,, (7 (M)) is block off-
diagonal, and applying it to (d,0)” produces only a lower
block solution component. The reported lookup instead retains
the Nyquist bin under the signed decoding in Eq. (30); at
finite resolution, upper block leakage is therefore not ruled out
algebraically, and only the extracted lower block is supplied
to the pressure reconstruction. Assuming .Z, # &, choose:

0 < C < minye z |A(m)] 33)
6(m) = 2arcsin(Cr(m)), 0 < m <N,

The angle is zero for a discarded bin and negative for a
retained negative eigenvalue. Replacing r(m) by 1/|A(m)| on
retained bins would discard the eigenvalue signs and would
not reproduce the required signed inverse action, even in
the resolved eigenphase limit. Increasing n, refines AA, but
accuracy also depends on the cutoff and on spectral weight
near zero.

After recovering the scale from the postselection probabil-
ity and performing a full classical readout, a candidate solution
can be assessed in the original system using the following
residual:

_ |IGx, —d]»

= dl:
where x, is the recovered classical vector. For a real-valued
problem, this residual may also be evaluated for the two
possible global signs, with the sign giving the smaller residual
retained. This provides a formal sign-selection rule after
readout but is not used for the displayed coupled trajectories,
which are aligned with the exact solution by a global scalar
as described in Section 3.3.

The reported calculations use ideal statevectors, exhaustive
reciprocal angle lookup, and direct amplitude access to exam-
ine the algebraic formulation and finite QPE behavior of the
HHL solver (Harrow et al., 2009).

(34)
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3. Formulation coupling HHL with IMPES for
water flooding in one dimension

This section specializes the framework of Section 2 to
immiscible water flooding in one dimension. After stating
the physical model and its IMPES discretization, HHL is
introduced at the stage where pressure is solved implicitly at
each time step.

3.1 Physical model

One-dimensional displacement of oil by water is consid-
ered in a homogeneous porous core of length L and constant
cross-sectional area A.. The coordinate x € [0,L] increases
from the inlet to the outlet, and ¢ denotes time. Water and
oil are assumed incompressible and immiscible; gravity and
capillary pressure are neglected. For phase o € {w,o0}, with
w denoting water and o denoting oil, the interior equations
without sources on 0 < x < L are:

aSa aua .
¢7 + W =0 35)
d
lg = —Ag (Sw)?i (36)

where ¢ is porosity, Sq(x,7) is phase saturation, ue/(x,7) is
Darcy velocity, p(x,t) is the common pressure, and Ay is
phase mobility. The two saturations and the mobilities satisfy:

Sy+S,=1 37

Aq(8,) = HrelS) (38)
Ha

A (Sw) = AW(SW) + AO(SW) 39

where k is absolute permeability, &, is relative permeability,
Ug 1is dynamic viscosity, and A, is total mobility.

The relative permeabilities are represented by Corey curves
(Dake, 1978; Lake, 1989):

Sw - ch
§, = v _Twe 40
‘ 1— ch - Sor ( )
Ky = KO, ST (41)
krp = kO (1 —8,) (42)

where S, is effective water saturation, S,,. iS connate water
saturation, S,, is residual oil saturation, k¥, and kU are
endpoint relative permeabilities, and 1,, and 1, are Corey
exponents. The physical Corey interval is Sy, < S,, <1—3S,,.

The configuration with a prescribed rate uses the initial
condition S,,(x,0) = S,,., injects pure water at volumetric rate
Q, > 0, and prescribes the outlet pressure py:

1y (0,1) = % 43)
uo(o,t) =0 44)
ut(ovt) = % (45)
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Ax = L/N
—_—
1 3 3
2 2 2
Uri = Up1/2 .-
= QV/AC D1 D2
_— . .
SW 1 Sw,2 R
A
_(_,Tg'/z = ACAfl/Ax
Ax/2
x=0
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_3 1 1
N 2 N 2 N+ 2 Uy N+1/2
- == fun
PN-1 PN Ac
. J _—
o __ SWN—I SWN
—_—
: Ax/2
x=1L

Pore volume ¢A, Ax
Implemented datum
PN = PL

Fig. 2. Implemented collocated control volume layout and boundary treatment. The inlet rate is prescribed at face 1/2, whereas
pr is assigned to the final cell centered pressure degree of freedom.

p(L,1) = pL (46)
where u; = u,, + u,. Adding the phase balances gives the
interior pressure equation:

0 ap\
a (At(Sw)ax> =0

For this incompressible problem in one dimension, with no
sources, gravity, or capillary pressure, the prescribed total rate
makes the total velocity spatially constant:

(47)

) = 2 (48)
It follows that:
Aw(Sw
=S RS) =R @)
and an exact pressure solve reduces the saturation equation to:
asw afw (Sw)
—— =0 50
05 T ox o0

The complete pressure vector is not mathematically re-
quired to advance saturation when the constant total flux is
enforced exactly. The flux form based on pressure is retained
here to examine the algebraic data exchange between the
HHL statevector solver and the IMPES update. This simplified
case tests data transfer between successive solver steps rather
than establishing that full pressure reconstruction is physically
essential.

No saturation value is prescribed at the outflow boundary;
its water flux is closed by the local fractional flow in the
discrete update below. Within IMPES, A; is evaluated from
St pressure is solved implicitly, and water saturation is then
advanced explicitly.

3.2 Implemented IMPES discretization

To connect the continuous model with the numerical ex-
periments, this subsection presents the exact algebraic scheme
used in the calculations. The interval is partitioned into N equal
blocks of width Ax = L/N, with discrete entries indexed by

i=1,...,N. The implemented algebraic scheme uses N cell-
centered control volumes Q; = [(i — 1)Ax, iAx] with centers
x; = (i—1/2)Ax, and collocate the pressure p; and water
saturation S§,,; at the same center (Fig. 2). This convention
is consistent with the full width saturation storage and the
flux indexing of the code. The pressure inlet row (Eq. (52))
enforces the prescribed total flux at the first internal face
3/2, whereas the saturation update applies the inlet flux at
boundary face 1/2; incompressibility in the absence of sources
makes the two fluxes equal. The outlet datum is assigned
directly to the final cell centered unknown py, not through
a half cell boundary face row. This is an N-block layout
rather than a nodal grid that includes the endpoints and has
Ax=L/(N —1). For an exact fixed rate solve, replacing the
assignment by the standard half cell row with the same one-
sided mobility adds the uniform offset (Q,/Ac)Ax/(2A7y) to
all cell centered pressures and leaves the intercell gradients,
phase fluxes, and direct saturation update unchanged. The
altered pressure matrix can nevertheless change the finite QPE
error and the resulting hybrid trajectory. At time step n, an
IMPES update consists of two sequential operations.

Step 1: Implicit pressure solve. Given the discrete saturation
vector S}, = (va,p'-wsfv,N)T’ define the cell values A}, =
Ay(Sy,;) for v € {w,o,t}, where y=1 denotes total mobility.
For Q, > 0, the implemented flux between entries i and i+ 1
uses the left, upstream mobility:

n+1 n+1

Pig1 —P;
= 7Ar&,il+Tl, ac {W,O}

1 1
Let p"tt = (pith, ... it

system A,p"t! = b, is:

n+1

Un,it1)2 b

)T. The implemented pressure

AxQ
Pt = (52)
1,
A:l,i—lp?jll — (A "’A?,i)l’?ﬂ "’A?,ipﬁll =0, (53)
2<i<N-1
Pt =pL (54)

Equivalently:
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1 -1

Al (A HAL) A,
A, =
A;l,N—Z _(A;I,N—Z—’_A;I‘N—l) A;N—l
1
(55)
AxQ,
(AcAT)
0
b, = (56)
0
PL

The chosen inlet row normalization and direct enforcement
of the outlet pressure make A, nonsymmetric, although the
underlying scalar elliptic operator is symmetric. This matrix
form is retained because it is the algebraic system used in
the reported calculations; all subsequent spectral settings and
postselection probabilities therefore refer to this fixed row
scaling.

The nonsymmetry of A, is associated with this retained
boundary row representation rather than with the under-
lying pressure operator. An equivalent symmetric formula-

tion follows by eliminating p”NJrl = pr, defining ﬁ"“ =
(pith )T, scaling the inlet equation by Ay, and
reversing the signs of the interior balance equations:
K.p""' =b, (57)
where:
Ay —A7,
K — AL AL A, A,
n —
“Nina My a2ty
(58)
T
~ AxQ
b, = (Av 0 --- A?,N—1PL> (59)

For any nonzero & € RV~

N-2
ETKE =Y A& =)+ Ay &1 >0 (60)
i=1

provided the total mobilities are positive. This proves that K,
is symmetric positive definite and could be supplied directly
to HHL. The Hermitian block dilation used below is required
by the selected full boundary row representation and its
preconditioned algebraic system; it should not be interpreted
as evidence that the physical pressure operator is intrinsically
non-Hermitian.

Step 2: Explicit saturation update. Using the recovered

227

pressure p"*! and the upstream flux in Eq. (51), the interior
saturation entries are updated by:

At

Sui' =Swit 5am |An i = o) o)
~ N =] 2 <isN -1

where At is the time step. The implemented boundary updates
are:

At n+l _ _n+l
Sui' = Suat gax (%—A’Jv,lp S (62)
C
n n At n p 7Vt11 —P nN+1 Q n
SJNI =SSNt OAx ( WN-1T x:fw,N (63)
with fractional flow £y = A} /(A}y + A7 y)-
For the exact pressure update with a prescribed rate, define
the advective Courant number:

0, At
¢ACAXN
The corresponding first-order upwind fractional flow
scheme is monotone under the reference condition:

VN = (64)

!
VN max Sy) <1
SwE[Swe, 1—Sor] fW( W)

The Corey tables used in the calculations are linearly
interpolated from 50 uniformly spaced saturation values, and
their maximum piecewise derivative is approximately 4.4934.
With At =1 s and Axy = L/N, the left side of Eq. (65) is
approximately 0.0187, 0.0374, and 0.0749 for N = 8§, 16,
and 32, respectively. These values characterize the exact flux
reference discretization; finite QPE flux perturbations require
separate monitoring. In the reported implementation, both
trajectories project each updated saturation onto [Sy,c, 1 — Sy
The upper bound is reached during part of the N = 32
statevector trajectory, so its bounded stored profile is partly
imposed by this projection. Bounded profiles therefore do not,
by themselves, establish stability of the unprojected update. No
time step sweep is performed; the reported stability indicator
refers to the chosen Ar =1 s.

3.3 Coupling HHL to the IMPES pressure solver

In IMPES, constitutive evaluation and saturation advance-
ment remain classical, whereas solving the global pressure
equation is the repeated linear system task. HHL is introduced
specifically for this task, and the recovered pressure is then
supplied to the classical saturation update.

The coupled calculations for different grid sizes use a left
SPAI At time step n, the preconditioner is defined by:

(65)

W, = arg Wnel‘i;lw WA, —I||F (66)

where Ay is the tridiagonal row pattern used in the imple-
mentation, restricted at the boundary rows. The system after
preconditioning from the left is:

A,p"t' =b, (67)
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A, =W,A, (68)

Bn = Wnbn (69)

Provided that W, is nonsingular, this system is equivalent

to the original pressure equation. The matrix A, is real and
generally nonsymmetric, and its Hermitian block dilation is:

H, = (70)

An
Al 0

n

0 b

H, =

Pn+1 0

The lower block represents pressure directly; no right
preconditioner map is applied after extraction. Provided that

A, is nonsingular, the eigenvalues of H, are +0;(A,) and
K2 (H,) = K2(A,), so the dilation does not square the condition
number. With J#(A,) = H,, the circuit sequence in Fig. 1
uses the signed phase convention and truncated reciprocal
construction of Egs. (30)-(33). The statevector implementation
evaluates an exhaustive table of angles for 2" phase bins, with
the zero bin angle set to zero. At each pressure step, the lookup

parameters are:

(71)

pn = 2.1|Hyl2 (72)
21
Ty = — (73)
Pn
AA, = 2"] (74)
pn Al
" mtl T ) (75)

The zero bin is not inverted, the signed Nyquist bin is re-
tained, and A, = C,. The relation C,/AA, = 1/2 ensures that
every nonzero bin has a real rotation angle in Eq. (33), while
the factor 2.1 enforces the strict condition p, > 2||H,|| that
prevents phase wrapping. This rule also gives AA,/||Hy|2 =
2.1/2", so increasing n,, tests phase resolution under a fixed
scaling policy. The exact spectral norm is evaluated classically
in the present statevector calculations. For a larger sparse
problem, the exact norm could be replaced by a computable
upper bound &, > [[Hyl2, such as [[Hallr or v/THa ] [Halle
with p, = 2.1§,. This preserves the condition that prevents
phase wrapping, but a loose bound increases the phase spacing
and may require a larger phase register to maintain comparable
resolution.

Let z, denote the normalized statevector obtained after
postselection. It is produced by the joint spectral filter in
Eqgs. (12)-(14); Py, denotes the probability of the same joint
ancilla-|1) and phase-|0) branch at step n. With normalized
input (b,,0)”/||b,||2, the formal reconstruction based on this
probability is:

— Ball2/Prn -
Zn= Ciz (76)
p" =Re(11/Z,) (77)
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where I, extracts the lower block. In a formal reconstruction,
the overall sign may then be selected using the residual of
the original system in Eq. (34) after scale recovery and full
classical readout. The present coupled profiles do not use these
two recovery operations. Instead, the simulator evaluates the
exact solution of the dilated system at the same time step:

L (8
Zyn = Hn (78)
0
St
)= (79)
Z,2n
P = Re[ll (Xa2n)] (80)

The independently evolving direct IMPES trajectory is
used solely for the profile comparison; it is not the reference
in this scalar calibration. The displayed coupled trajectories
assess solution direction and propagation between successive
time steps, but do not independently validate scale recovery
from the postselection probability or sign selection based on
the residual.

The propagation of finite QPE error into transport can be
stated explicitly. Let p"*! be the exact solution of the same
pressure system assembled from S, and define the formal
finite QPE error e ! = p" — pr Tl If T, extracts the lower
block of the dilated solution, then:

ent! =TIel ™! (81)
et = Bl LB (®10 ~ A vin (D)
J

where (Aj,,vj,) are the eigenpairs of H, and f;, are the
coefficients of the normalized doubled right side. For fixed
S", the corresponding interior water flux error is:

en+11 o en+1
n+1 _ n Dt pii
Sugiiyn = *Aw,iiAx (33)
and its one step contribution to the saturation error is:
At
n+1 _ n+1 _ s, ntl
wi T OAx (6uw,i+l/2 5uw,i71/2) (84)

A spatially uniform pressure offset cancels from all pres-
sure differences and hence from the transport update, whereas
errors in pressure scale, gradients, and spectral composition
perturb the face fluxes. As the direct and hybrid trajectories
diverge, saturation differences alter the mobilities and subse-
quent flow calculations, so later pressure differences reflect
both current QPE errors and accumulated transport errors.

The displayed simulator trajectories instead use the global
scalar calibration for the same system defined in Eq. (78),
which fixes normalization and global phase before the real
lower block is extracted.

In the formal interface, HHL is intended to replace the
implicit pressure solve in Step 1 of Section 3.2; constitutive
evaluation, matrix assembly, preconditioning, pressure recov-
ery, and the explicit saturation update remain classical. In the
reported statevector calculations, however, the exact solution
of the same dilated system is also evaluated to determine
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this global scalar. The numerical workflow therefore does not
eliminate a classical pressure solve. Each reported simulator
time step comprises five operations.

Hybrid Step 1: Assembly of the pressure system. Evaluate
the phase mobilities at S|, and assemble A, p"+1 =b,.
Hybrid Step 2: Preconditioning and Hermitian embedding.
Rebuild the left SPAI W, form A, = W,A,, and b, = W,,b,,, and
construct H,.

Hybrid Step 3: Signed HHL solve. Prepare the normalized
doubled right side, set p, and C, by Eq. (72), use A, =Cp,
and apply signed HHL with joint ancilla-|1) and phase-|0)
postselection.

Hybrid Step 4: Pressure recovery. Align the normalized
state obtained after postselection with the exact solution of
the dilated system at the same time step using Eq. (78), and
extract p*! from the lower block.

Hybrid Step 5: Saturation update. Update S’fv“

~n+1
Egs. (61) and (62). Let S:'V denote the update before satura-
tion projection. Summing these raw updates cancels all internal
water fluxes and gives the discrete water balance:

using

N
pacaxy (Sit'-su) =m0 (1-fiy)  (89)
i=1

The prescribed water influx minus the outlet water produc-
tion rate Q, f, y equals the raw accumulation before projection.
The updated saturation then determines the coefficients of the
next pressure system, completing one step of the sequential
pressure and saturation workflow. No separate local flux cor-
rection is applied before the fluxes computed from pressure
enter the saturation update. If the saturation projection changes
an entry, the stored saturation also contains the corresponding
projection correction, which is not represented by Eq. (85); the
identity is therefore not used as numerical evidence of local
conservation.

The resulting simulator loop supplies the saturation update
with pressure extracted from a signed Hermitian block HHL
calculation after preconditioning from the left. The statevector
is aligned by a global scalar obtained from the same system,
and normal equations are not formed. Section 4 examines
the component consistency, directional agreement between
pressure solutions, and saturation propagation in this coupling.
For the simplified fixed rate problem, these comparisons assess
the implemented algebraic interface rather than the necessity
of complete field pressure recovery.

4. Numerical experiments

The numerical study has two parts: checks of individual
components using canonical benchmark equations, followed
by application of HHL coupled with IMPES to water flooding
in one dimension. All HHL calculations use an ideal Qiskit
statevector simulator, and the numerical study focuses on
directional agreement and trajectory propagation in a workflow
that uses reference alignment. The updated calculations use
the Qiskit Aer statevector backend. The matrix exponential is
formed classically as a dense unitary and supplied through a
controlled unitary gate. This simulator construction does not
provide an efficient sparse block encoding, and the logical
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qubit counts reported below should not be interpreted as esti-
mates of transpiled hardware resources. For the displayed cou-
pled trajectories, the normalized statevector output is aligned
by a global scalar with the exact solution of the current
dilated system before it is passed to the transport update. This
alignment, which is available only in the simulator, isolates
the solution direction and trajectory propagation. The plotted
water flooding profiles do not independently validate scale
recovery from the postselection probability in Eq. (76) or sign
selection based on the residual.

Let the nonzero vectors x, and x, denote the classical
reference and recovered HHL solutions, respectively. The scale
sensitive error and the directional agreement are measured by:

_ lxg =212

E, = (86)
1|2
i
ﬁx _ |xrx4| (87)
[l 214 2

The reference is identified case by case. Agreement with a
classical discrete solution tests the HHL linear solver output,
whereas agreement with an analytical solution also reflects the
error of the classical discretization. The overlap &, is invariant
to global phase and solution norm and is interpreted strictly
as a measure of directional agreement.

4.1 Part I: Checks of individual components
using canonical benchmark problems

The three cases progressively introduce features relevant
to the later application. Poisson supplies a single solve whose
Hermitian matrix is passed directly to HHL. Implicit diffu-
sion retains a fixed symmetric positive definite matrix but
introduces repeated solves with changing right sides. Implicit
upwind advection retains repeated solves but introduces a fixed
matrix that is not Hermitian and is treated through normal
equations. For each benchmark, the reported spatial resolutions
are (N,n,) = (8,7), (16,8), and (32,9). The Poisson problem
is steady and therefore has one profile at each resolution. For
the two transient problems, the figure layout places the first
computed profile in the left column and the final computed
profile in the right column for each value of N.

Poisson benchmark. Consider:

—w"(x) = n’sin(nx),  xe(0,1) (88)

w(0)=w(1)=0 (89)

whose exact solution is w(x) = sin(7x). On the N interior

points x; = ih, h=1/(N + 1), second-order central differences
give:

ApW = bp (90)

AP: ' )

(bp); = K> m?sin(mx;) (91)

-1 2
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Fig. 3. Single mode Poisson comparison among the analytical, finite difference, and HHL profiles: (a) (N,n,) = (8,7), (b)
(16,8), and (c) (32,9). The prescribed boundary values are included for display, while N counts interior unknowns.

where w = (wq,... 7wN)T. The matrix Ap is symmetric positive
definite and can be supplied directly to HHL. Fig. 3 compares
the analytical samples, central difference solution, and HHL
output at the three reported resolutions.

Let w, denote the vector of analytical samples, with entries
We,i = sin(7x;). These samples form exactly one eigenmode of
the discrete Laplacian, and:

Apw, = [2—2cos(mh)|w, (92)
hr?

=— "  __w, 3

Wh=57 2cos(mh) s ©3)

The relative errors of 0.0102, 0.0029, and 0.0008 for N =&,
16, and 32, respectively, are finite difference errors relative to
the analytical samples rather than discrepancies between the
HHL and finite difference solutions. The right side excites
only this eigenmode, so the normalized HHL output remains
in the same eigendirection and has unit overlap at the displayed
precision for all three resolutions. This checks the Hermitian
case with a single eigenmode; the diffusion benchmark next
extends the calculation to two spectral components.

Diffusion benchmark. On the same grid with N interior
points, consider the diffusion equation:

2
W_gl¥ e,

o~ 79 1>0

(94)

w(0,8) =w(l,1) =0 935)
where 2 > 0 is the diffusion coefficient. The benchmark sets
2 =1, uses At =0.01 for five time steps, and takes:

w(x,0) = sin(mx) + sin(27x) (96)
with the analytical solution:
w(x,1) = sin(mx)e” 7™ 4 sin(2mx)e 47T 97)

Backward Euler in time and centered differences in space
produce:

Dw" ! = w" (98)
D = tridiag(—fp,1+2Pp,—Pp) (99)
%
Bp = e (100)
where w" = (w/,...,w%)T. The matrix D is symmetric positive

definite and remains fixed, whereas the right side changes
between the five solves. The initial condition consists of two
discrete Laplacian modes, so this case exercises reciprocal
weighting across two spectral components rather than the
single component in the Poisson problem. Fig. 4 uses a
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Fig. 4. Comparison for implicit diffusion at the first and final computed time levels: (a) (N,n,) = (8,7) at t = 0.01, (b) (8,7)
=

at 1 =0.05, (c) (16,8) at t =0.01, (d) (16,8) at t = 0.05, (e) (32,9) at t = 0.01, and (f) (32,9) at

common three by two layout for the first and final profiles
in the sequence of repeated solves.

Across all three grids, the HHL profiles follow the corre-
sponding backward Euler solutions at the first and fifth solves,
and the N = 32 case shows a more visible difference between
the HHL and classical solutions at t = 0.05. For the fixed
time step used here, k»(D) increases from 3.77 to 11.35 and
40.47 as N increases from 8 to 16 and 32. The condition
number grows by more than a factor of two at each refinement
while n, increases by only one. This unequal scaling means

0.05.

that AL /Api, is not held fixed and reciprocal resolution of
the smallest modes deteriorates. The larger difference after
repeated solves, particularly for N = 32, is consistent with the
accumulation of finite QPE and reciprocal weighting errors.
The difference between the analytical and classical curves
also contains the temporal and spatial discretization errors
of the backward Euler finite difference scheme. This test
involving repeated solves with a fixed matrix provides the
first intermediate step between the single Poisson solve and
the coupled water flooding sequence.
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Advection benchmark. Consider advection at constant
velocity in one dimension:

%#—ca&—::O, x€(0,1), (101)
with a smooth initial pulse w(x,0) = wo(x) and a prescribed
inflow w(0,1) = g(¢) satisfying g(0) = wy(0). The correspond-
ing characteristic solution is:

wo(x—ct), x>ct
wa(x,1) = X
g(t77>, 0<x<ect
¢

t>0, ¢c>0

(102)

The reported calculation uses wo(x) = exp[—(x — 1/2)?]
and the compatible inflow g(¢) = exp[—(ct + 1/2)?]. The
numerical experiment uses ¢ = 1, Ar = 0.01, and five time
steps. On the same N-interior point grid as the preceding
benchmarks, x; = iAx with Ax=1/(N+1) and i =1,...,N.
Let v = cAt/Ax. Backward Euler with a backward upwind
difference gives:

I (103)
After moving the known inflow value into the first entry
on the right side, the system is:

Aaw =r (104)
1+v
v 1+v
Ap = (105)
—v 1+4v
where w" = (w},...,wh)T and:
i =wil+vg(tys1) (106)
M=w!, 2<i<N (107)

The real lower bidiagonal matrix A, is nonsymmetric. The
calculations use the normal equations:

ARAAw™ T = AL P (108)
rather than the Hermitian block formulation in Eq. (28). Fig. 5
uses the same three by two layout for the first and final profiles
at the three reported resolutions.

At the first computed time level, the reported overlaps be-
tween the HHL and classical solutions are 0.999999, 1.000000,
and 1.000000 for N =8, 16, and 32, respectively. The sep-
aration between the analytical and classical curves reflects
numerical diffusion from the implicit upwind discretization
rather than the HHL solve. The comparison of the first and
final computed profiles provides a check of the recovered
classical solution direction based on the profiles. The squaring
of the condition number established in Eq. (19) motivates the
Hermitian block route used for water flooding.

Building on these component checks, Part II introduces
evolving pressure matrices, left preconditioning, Hermitian
block embedding, and the exchange of pressure and transport
data between successive time steps.
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4.2 Part II: Application of coupled HHL and
IMPES to water flooding in one dimension

Part II addresses two questions for the coupled HHL and
IMPES case with a prescribed rate. The first is how the
independently evolving pressure and saturation trajectories
behave on the three coupled grids under a matched phase
register policy. The second is how recycling compares with
rebuilding in an independent right SPAI/SAM pilot covering
five steps. The direct IMPES workflow provides the classical
reference. The two workflows share the physical parameters,
boundary conditions, discretization, and initial saturation, but
after the first update each branch assembles its next matrix and
right side from its own saturation state. Their later differences
therefore combine the discrepancy in the current pressure
solve with errors accumulated during earlier transport updates.
This comparison of coupled trajectories is distinct from a
comparison of linear solvers using identical matrices.

The coupled study pairs (N,n,) = (8,9), (16,10), and
(32,11), so that n, —log, N = 6 remains fixed. The corre-
sponding Hermitian block systems have dimensions 16, 32,
and 64 and require four, five, and six system register qubits,
respectively. Including the phase register and the rotation
ancilla, the ideal circuits contain 14, 16, and 18 logical qubits
before transpilation. The corresponding exhaustive angle tables
contain 512, 1024, and 2048 entries, of which at most 511,
1023, and 2047 are nonzero after excluding the zero bin; these
are simulator lookup sizes rather than decomposed gate counts.
The left SPAI is rebuilt at every coupled pressure step. All
runs apply the spectral policy in Eq. (72) at each step and
exclude the zero bin. Raw postselection probabilities should
not be interpreted as independent measures of accuracy or
conditioning because C, contains an explicit 27”7 factor and
|[Hy.||2 can differ after the trajectories separate.

The calculation uses L =64 cm, Axy =L/N, A, =10 cm?,
0,=01cm’s™', ¢=03,k=1D, g, =1cP, y, =2 cP,
pr =1 atm, S, =02, S,, =0.35, k%, =0.3, X% = 0.8, and
Nw = N, = 2. The matrices are assembled using the stated
system of laboratory units and the fixed boundary row normal-
ization of A,; the reported spectral quantities therefore refer
to that explicit algebraic scaling. To provide a common time
horizon for comparison, the analysis uses the first 700 time
steps of each paired trajectory with A =1 s, and profiles are
sampled every 100 steps. Relative permeabilities are tabulated
at 50 uniformly spaced saturation values over [Sy,¢, 1 —S,,] and
linearly interpolated within that interval; queries outside it use
the corresponding endpoint table value. Both trajectories use
the same saturation bounds after each update.

Study of grid size under a matched phase register
policy. Fig. 6 displays the stored pressure and saturation
profiles every 100 s through # =700 s. Both N and n,, change,
so this comparison probes grid size sensitivity under the stated
register policy; it is not a pure study of QPE resolution. The
profiles compare independently evolving trajectories within
the coupled workflow. They do not independently validate
normalization and sign recovery because the global scalar
is imposed using the solution of the same system; nor do
they quantify original system residuals or local flux conser-
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Fig. 5. Implicit upwind advection of a smooth pulse at the first and final computed time levels: (a) (N,n,) = (8,7) at t =0.01,
(b) (8,7) at t =0.03, (c) (16,8) at r =0.01, (d) (16,8) at r =0.05, (e) (32,9) at r =0.01, and (f) (32,9) at t = 0.05. HHL is

applied to the normal equation systems.

vation. Across the 700 pairs of pressure fields at matched
time levels from the independently evolving statevector and
direct trajectories, the mean directional overlaps from Eq. (87)
are 0.999997, 0.999987, and 0.999917 for N = 8, 16, and
32, respectively; the corresponding minima are 0.999991,
0.999954, and 0.999621. Applying the scale sensitive metric
in Eq. (86) at each matched time level and then aggregating
the 700 values gives mean (maximum) relative pressure dif-
ferences of 0.00232 (0.00521), 0.00459 (0.0114), and 0.0134

(0.0322). The corresponding saturation differences are 0.00151
(0.00498), 0.00491 (0.0159), and 0.0261 (0.0430). These are
discrepancies between coupled trajectories, not errors obtained
by comparing linear solvers for the same system. The reported
pressure differences are relative vector 2-norm discrepancies
computed from the imposed absolute pressures rather than
from pressure drops; the saturation differences are evaluated
from the stored states after projection. Their increase across
the three configurations, together with the visibly larger finest
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Fig. 6. Pressure (left) and water saturation (right) profiles from independently evolving direct IMPES (solid, Classical) and
statevector HHL coupled with IMPES (dashed, open diamonds, HHL) trajectories: (a, b) (N,n,) = (8,9), (c, d) (16, 10), and
(e, f) (32, 11). Legend numbers 1-7 denote t = 100 to 700 s in steps of 100 s..

grid saturation separation, shows why a pressure overlap
close to unity does not by itself establish transport accuracys;
the trend combines grid refinement, evolving matrix spectra,
phase register resolution, and accumulated trajectory feedback,
together with the active projection onto the upper saturation
bound during part of the N = 32 statevector trajectory.

SPAI rebuilding versus SAM recycling. This study

covering five steps is separate from the coupled calculations
for different grid sizes. The coupled trajectories use the left
SPAI system in Eq. (67), whereas Table 1 uses the right
SPAI and SAM definitions in Eqgs. (24)-(25). It compares five
independently rebuilt right SPAIs with one reference right
SPAI followed by four SAM updates for N =16 and n, =9,
using the initial pressure matrix as the SAM reference. For
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Table 1. Comparison of SPAI rebuilding and SAM recycling over five steps for N = 16 and n, = 9. The timing row includes
only preconditioner construction and updating.

Metric SPAI rebuilt at each step SAM recycling from initial reference
SPAI computations 5 1

SAM updates 0 4

Total reported setup/update time (s) 0.0020 0.0178

Mean Py 1.13x 1073 1.15x 1073

Mean pressure overlap 0.99991 0.99987

each path, the reported overlap is the arithmetic mean of the
five values obtained from Eq. (87), each evaluated using the
pressure from that hybrid path and the pressure from the direct
IMPES workflow at the corresponding time. The postselection
probability is likewise the arithmetic mean of P; ,, over the five
solves.

Over the five steps, the rebuilt SPAI and SAM recycling
paths yield mean directional overlaps between pressure solu-
tions of 0.99991 and 0.99987, respectively, and mean joint
postselection probabilities of 1.13 x 10~ and 1.15 x 1073,
respectively. Their reported setup/update totals are 0.0020 and
0.0178 s; these timings cover only preconditioner construction
and updating, not the complete coupled workflow. Over five
steps, the total setup and update time for SAM recycling is
about 8.9 times the corresponding time for rebuilt SPAI in
this small N = 16 pilot. The two paths retain comparable
mean directional overlap between pressure solutions and joint
postselection probability, but the timing comparison applies
only to this implementation. At N = 16, the rebuilt SPAI and
each SAM map use tridiagonal factor patterns, so both require
columnwise least-squares problems of the same nominal size.
After the reference step, both paths solve four further sets of
these problems; in the recycling path they determine the SAM
maps and are followed by forming or applying P, = N,P,.
Product formation and other implementation overheads can
contribute to the larger recorded total, but no timing break-
down by computational kernel was retained. The observed
ratio of 8.9 is therefore reported as a total specific to this
implementation rather than an asymptotic property of SAM.
Using the two mean probabilities only as representative values,
1.13 x 1073 and 1.15 x 1073 correspond to approximately
885 and 870 circuit executions per jointly accepted shot,
respectively. By Eq. (18), direct probability sampling to a 5%
relative precision in the recovered scale would require approx-
imately 8.8 x 10* and 8.7 x 10* executions before complete
field readout. The sampling estimates do not include complete
field readout. The pilot covering five steps does not establish
performance over a longer period or an advantage in setup
time.

5. Conclusion

This work formulates an interface that couples HHL at
finite phase resolution with IMPES for a water flooding model

in one dimension and studies it with an ideal statevector
simulator. Left SPAI and Hermitian block dilation accommo-
date the selected nonsymmetric boundary row representation.
The framework identifies the operations for recovering the
scale from the postselection probability, selecting the sign,
and reading out the solution on quantum hardware, whereas
the displayed coupled trajectories use global scalar calibration
based on the same system. They therefore assess directional
agreement and data exchange, not independent pressure recon-
struction. An equivalent symmetric positive definite pressure
system also exists, so the dilation addresses the chosen alge-
braic representation rather than an intrinsically non-Hermitian
physical operator. The Poisson, diffusion, and advection ex-
amples provide checks of individual components, and the
coupled study compares independently evolving statevector
and direct IMPES trajectories for N =8, 16, and 32 under a
matched phase register policy. The directional overlap between
pressure solutions remains close to one but decreases across
the three configurations, while the finest grid profiles show
the largest accumulated trajectory discrepancy. The prescribed
total rate in the present incompressible case in one dimension
makes it a test of the exchange of pressure and transport data
between successive time steps; it does not establish that full
pressure reconstruction is essential for this simplified physics.
A separate right SPAI/SAM pilot covering five steps gives
comparable directional agreement between pressure solutions,
but its recorded setup/update time is 8.9 times that of re-
building SPAI and therefore does not demonstrate a timing
advantage. All quantum results use direct access to ideal
statevector amplitudes; no quantum hardware was used, and
no speedup of the complete workflow or hardware advantage
is demonstrated.
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